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I. INTRODUCTION 



It is well known that the relation between the symmetry and related conservation law is 
one of the cornerstones in physics. For the spacetime manifolds in general relativity (GR), 
the diffeomorphisms form an infinite dimensional group under the composition. Therefore, 
it should also play certain important roles. 

In the canonical formalism, Brown and Henneaux [1] showed that the asymptotic sym- 
metry group for the three-dimensional gravity with negative cosmological constant is the 
pseudo-conformal group in 2-dimension. Its canonical generators form a pair of Virasoro 
algebras with nontrivial central charges. Strominger [2] suggested that with the help of the 
Cardy formula [3], the asymptotic symmetry and the central charge can be used to explain 
the statistical origin of the Bekenstein-Hawking entropy [4] of the 3-dimensional black hole. 
In 1999, Carlip attempted to generalize the Brown-Henneaux-Strominger construction to 
the black holes in any dimension [5] but met some conceptual problems [6]. Recently, the 
generalization is analyzed more carefully by Park in the canonical formalism [7]. 

Carlip [8,9] also tries to realize the Strominger's idea in any dimension by using the 
covariant phase-space formalism developed by Wald et al [10]- [13]. Carlip's approach has 
been generalized to the charged black hole [14], the dilaton black hole [15], the Kaluza- 
Klein black hole [16], the quantum correction [17], etc. In the meanwhile, Dreyer, Ghosh 
and Wisnicwski pointed out that this covariant phase-space formalism by Carlip contains 
technical flaws [18]. Koga related the flaws to the singular behavior of the asymptotic 
forms of the relevant quantities [19]. In the study of the asymptotic symmetries on the 
Killing horizon in spherically symmetric spacetimes, Koga also showed that the algebra of 
the Poisson brackets does not acquire nontrivial central charges [19]. An alternative version 
of this approach is also studied in the first-order gravity formalism [20] . 

In the covariant phase-space formalism [8,9], the Hamiltonian functional conjugate to a 
vector field is treated as the generator of diffeomorphism algebra just like the Hamiltonian in 
the canonical approach. The diffeomorphism algebra is assumed to be realized by the Poisson 
bracket or by Dirac bracket [21] on the constraint surface. Unfortunately, the Hamiltonian 
functional conjugate to a vector field as was pointed out by Wald [11,12], does not always 
exist for a given boundary condition. In addition, in the lack of the definition of the Poisson 
bracket and thus the Dirac bracket in the covariant phase-space formalism, Carlip borrowed 
the Poisson bracket and the Dirac bracket from the ADM formalism [21]- [23]. Although 
there are a number of studies on the definition and properties of the Poisson brackets in the 
covariant phase-space approach [24] , such as the ones in the de Donder-Weyl field theory, it is 
still no explicit proof for their equivalence with the Poisson bracket in the ADM formalism. 
In fact, in the ADM formalism the Poisson bracket is defined on the basis of the 1+3 
decomposition of a spacetime manifold, but in the covariant phase-space formalism there is 
no explicit sphtting of the time and the space components. 

On the other hand, however, in both classical and quantum field theories, if a Lagrangian 
possesses certain symmetries, such as gauge symmetry and Poincare symmetry, the corre- 
sponding Lie algebras can be generated by the Noether charges of the conservation currents 
with respect to the symmetries. This general approach should also be available for the 
diffeomorphism invariance of the diffeomorphism-invariant theories of gravity such as GR. 

The main purposes of the present paper are four folds. First, it is to obtain, in a co- 
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variant formalism, the Noether charge by the horizontal variation of the Lagrangian for 
diffcomorphism invariant gravitational theories. It is shown that for the Killing vector fields 
the covariant formalism leads to the vacuum black hole mass formula as a vanishing Noether 
charge as well as the first law of the black hole mechanics in vacuum GR. Secondly, it is 
analyzed in which sense the Hamiltonian functionals form the diff{A4) algebra in the covari- 
ant formalism. It is also shown how the diff{Ai) algebra with possible "central extension" 
can be realized by virtue of the Noether charges in vacuum GR. The third purpose is to 
show why the "central extension" of the algebra vanishes on shell near the horizon. When 
the boundary of the (partial) Gauchy surface is fixed on the horizon, it is obvious that the 
"central extension" vanishes because the realizations themselves are trivial. In the approach 
[8,9], the "central extensions" of the diff{Ai) and the Virasoro algebra are dependent on the 
asymptotic behaviors of the vector fields specially chosen that correspond to the situation 
that the boundary of the partial Gauchy surface is not fixed. In order to estimate more 
precisely the asymptotic behaviors of such a kind of the vector fields, the Newman-Penrose 
(N-P) formafism is employed in this paper. The advantage of the N-P formafism is obvious. 
It not only can be set up on the horizon as well as the spacetime region with r > Vh, but 
also may avoid the arbitrariness in the asymptotic behavior estimation. It is then shown 
that the "central extension" of diff{Ai) for the diffcomorphism generated by the vector field 

_ rpj^a _|_ j^^a y^^^^ ^ ^ 0{xk) is always zero on the horizon. The fourth purpose of 
the present paper is to check whether the Virasoro algebra can be picked up by choosing 
the vector fields near the horizon. It is shown in the N-P formalism that algebra of the 
vector fields selected in [8] under the Lie bracket does not give the Virasoro algebra. Even 
in the sense of [8] that the Lie brackets of the vector fields form a Virasoro algebra on the 
horizon, the algebra of the Hamiltonian functionals conjugate to the vector fields is trivial, 
too, and should not be regarded as a Virasoro algebra. This indicates that such a kind of 
pure symmetry analysis is not enough to give the statistical or conformal field theory origin 
of the black hole entropy. 

The paper is organized as follows: In the next section, we review the covariant formalism 
including the Noether currents with respect to the diffeomorphisms generated by vector 
fields and their charges in a diffeomorphism-invariant theory. We also show how the vacuum 
black hole mass formula as a whole is a total vanishing Noether charge with respect to the 
combination of the Killing vector fields for the stationary axisymmetric black holes in GR 
and re-derive the fist law of the black hole mechanics for this configuration [25] . In section 
III, the Hamiltonian realization and the Noether-charge realization of the diffeomorphism 
algebra in the covariant phase-space formafism are studied. In section IV, the diffeomorphism 
algebra for a part of a manifold is discussed. Sec. V is devoted to the asymptotic behavior 
of the vector fields generating the diffeomorphism. In section VI, the "central extension" 
of diff{A4) is estimated in the N-P formalism and shown why it always vanishes near the 
horizon. In section VII, we show in what sense the Virasoro algebra can be obtained as a 
subalgebra of diffeomorphism algebra and why it is trivial. Finally, we summarize this paper 
and make some discussion in section VIII. The correspondence, in the N-P formalism, of the 
asymptotic conditions on the horizon proposed by Garlip [8,9] is given in Appendix A. In 
Appendix B, some relations used in the calculation in the N-P formalism are listed. 
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II. NOETHER CHARGES IN DIFFEOMORPHISM INVARIANT 
GRAVITATIONAL THEORY 



Let us consider a diffeomorphism-invariant gravitational theory on 4-dimensional space- 
time manifold M [26] . 

A. Noether currents and their charges with respect to diffeomorphism 

The horizontal variation of the Lagrangian 4-form L of such a kind of theories induced 
by a vector field can be written as [11,12,25] 

5^-L^ES^g + d@{g,6^g), (2.1) 

where E = gives rise to the Euler-Lagrange equation for the theory and @{g,d^g) is the 
symplectic potential 3- form. On the other hand, using the Lie derivative C^, one has 

4L = >C^L = d(^-L). (2.2) 

Equating Eqs.(2.1) and (2.2), one gets 

(i*j(O + E% = 0, (2.3) 

where * is the Hodge star and 

j(0 = *(e(^,45)-e-L) (2.4) 

is the Noether current 1-form with respect to the diffeomorphism generated by the given 
vector field Its (entire) Noether charge is given by the integral over a generic Cauchy 
surface E e 

Q(0 = X*j(0- (2.5) 

In order to obtain the differential formula for mass, i.e. the first law of the black hole 
mechanics, it is needed the variation relation of this Noether current. To this end, it is natural 
to calculate the following bi- variation with respect to vertical and horizontal variation 5 and 
d of L, 

55^L = 5(E5^g + d@{5^g)) = 5d{C ■ L) . (2.6) 
Therefore, from these equations, it follows the variation relation of this Noether current 

= 6{E6^g) + d6*3, (2.7) 

where we have used the commutative property between the vertical variation operator and 
the differential operator, i.e. 6d = d6. Thus, for the conservation of variation of the Noether 
current (2.4), i.e. 

dS*} = Q, (2.8) 
the necessary and sufficient condition is 

5(E5^g) = . (2.9) 
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B. Noether charges for the KiUing vectors and the vacuum mass 

formula in GR 



In vacuum GR, the Lagrangian 4-form in units oi G — c— 1 reads 

1 



167r 



Re, (2.10) 



where R is the scalar curvature and e the volume 4-form. The symplectic potential takes 
the form of 

Qabcig, S^g) = T^[V"(^e/45'0 - ^eSig'"]^dabc. (2.11) 
IDTT 

Thus, the Noether current and its charge may be explicitly written as 

Ja(0 = ^Ga,e - - V„6) (2-12) 

and 

Q(0 = ^ / *{Gabe) - / *d^, (2.13) 

respectively, where Gab is the Einstein tensor and the boundary of the Cauchy surface. 

In particular, for the stationary axisymmetric black holes in the vacuum GR and the 
Killing vector 

XK = t'k + ^HrK, (2.14) 

Q{Xk) vanishes and leads to the black hole mass formula [25], where and 0^ are the 
timelike and spacelike Killing vectors of the spacetime, respectively, Qh the angular velocity 
on the horizon and hereafter, the subscript 'i^' denotes the vector (or the corresponding 
one-form) being the Killing one. The reasons for the vanishing Noether charge leading to 
the black hole mass formula are as follows: For a Killing vector, 

^(V,V»x^ - V,WYk) = RtA, (2.15) 
which is zero on shell and leads to 

Consequently, Q{xk) vanishes on shell. By the definition of the mass and the angular 
momentum of the black hole, 

QooiXx) = / *dxK = M - 2Q^J. (2.17) 

oTT JSoo 

On the other hand, 

Q^~(X.) = ~ l_^*dx, = ^A, (2.18) 
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where k is the surface gravity and A the area of the cross section of the event horizon. Q will 
be referred to as the partial Noether charge of a close surface. For the whole asymptotically 
flat region, the Cauchy surface emanates from the bifurcation surface and extends to the 
spatial infinity. Thus, the boundary of the Cauchy surface dT, should be Sj^^ U -S'oo, and the 
Noether charges should take the form 

Qix) = Q{Xk) + QiXK) = Qoo{Xk) - QsAXk), (2.19) 

where Q{Xk) Q^Xk) ^^e Noether charges for the Cauchy surface with compact 
interior and the one with compact infinity, respectively. This directly leads to the vacuum 
mass formula in GR as a vanishing (entire) Noether charge. Namely, 

—A-M + 2QhJ^0. (2.20) 

4:71 

It should be mentioned that there are somewhat differences between the present Noether 
charge approach and the one by Wald et al. First, in their approach the Noether charge for 
a spacetime manifold with the Cauchy surface possessing both interior and infinite asymp- 
totically fiat boundaries has not been considered rather what the Cauchy surface has been 
introduced is the one with compact infinity. Secondly, the orientation of the bifurcation 
surface Sh is taken as positive rather than the one induced from the Cauchy surface with 
compact infinity. In fact, if the induced orientation could be taken, the entropy were no 
longer the Noether charge even in their approach but the negative one. 

The Noether charge may be defined for a finite region of a spacetime. When S is not 
chosen to be the whole of the Cauchy surface but its portion with two boundaries Bi and 
i?2 such that > Abi, where As stands for the area of the surface B, 

Q{0-QbM-QbAO (2.21) 

gives the Noether charge for the portion of the spacetime region R x T,p. 



C. The first law of black hole mechanics in vacuum GR 

Let us now derive, from the variation relation of this vanishing Noether charge, the 
differential formula for mass, i.e. the first law of black hole mechanics, for the vacuum 
stationary axisymmetric black holes in GR by the variational approach. 

For the vacuum gravitational fields in GR, the variation relation of this vanishing Noether 
current Eq. (2.9) becomes 

= ^5iGaA,9''') + S[V^UXk)] , (2.22) 

where ja(x;^) is given by Eq. (2.12). As was mentioned before, it is obvious that the conserved 
current j vanishes for the Killing vector field Xk (2.14) if the vacuum Einstein equation holds. 
Further, if the variation or the perturbation 5g is restricted in such a way that both g and 
g + Sg are stationary axisymmetric black hole configurations and x'k Killing vector 

(2.14), the vanishing Noether current and the variation of the dual of the conserved current 
should also vanish, i.e. 6*i = as well. 
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Thus it is straightforward to get 

= ^ mabXKd^"] = m -^A- 2nHJi (2.23) 

and Eq. (2.9) is also satisfied. Here E is a Cauchy surface. 

It should be noticed that Eq. (2.23) is just the start point of Bardeen, Carter and Hawk- 
ing's calculation for the first law of the black hole mechanics [27]. As was required in [27], 
under the above perturbations, the positions of event horizon and the two Killing vector 
fields in Eq. (2.14) are unchanged. Consequently, as long as following what had been done 
in [27], Eq. (2.23) definitely leads to the differential formula for mass, i.e., the first law of 
black hole mechanics, among the stationary axisymmetric black hole configurations 

5M - —SA-^hSJ = Q. (2.24) 
Stt 

Thus both the mass formula (2.20) and its differential formula (2.24), i.e., the first law 
of black hole mechanics for the stationary axisymmetric black hole configurations are all 
derived from the diffeomorphism invariance of the Lagrangian by the Noether charge via 
variational approach. Especially, they are in certain sense the vanishing Noether charge and 
its perturbation among the stationary axisymmetric black hole configurations. 



III. ON REALIZATIONS OF diff{M) ALGEBRA 

In this section, we shall consider two different ways of reafizations for the algebra diff{M.), 
i.e. the Hamiltonian realization and the Noether charge realization. 



A. The Hamiltonian realization 



It has been shown [28] that in gauge theories the fiux of the symplectic current 

|^*[<52j(0,M-'5ij(0,'520)] (3.1) 

is equivalent to the Hamiltonian bracket in the reduced phase space. In Eq.(3.1) j is 
the Noether current, which is the dual of the symplectic potential 0(0,(50) = Ti^5(j) and 
^2j (0,^10) — ^ij (05^20) is the (pre) symplectic current, where 5 is a vertical variation. 

The attempts to generalize the equivalence to the diffeomorphism invariant theories have 
been made [10]- [12] [29]. The (pre) symplectic current in a diffeomorphism invariant theory 
and its fiux over a spacelike hypersurface are 

u;(0, 5i0, 520) = ^10(0, 520) - 520(0, 5i0) (3.2) 

and 

Q(0, 5i0, 520) = / u;(0, 5i0, 520), (3.3) 
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respectively. In Eqs.(3.2) and (3.3), 6i and 62 have been generalized to arbitrary variations, 
which include both vertical and horizontal variations. The (pre-)symplectic structure, i.e. 
the flux of the (pre)symplectic current Eq.(3.3), has a remarkable property [10,29] 

0(0, (510, = Si(l), C^^) = 0. (3.4) 

Namely, if one of the two variations is horizontal one, then the flux of the (pre)symplectic 
current must vanish. In [11] it has been shown explicitly that when the variation 82 in 
Eq.(3.3) is restricted to the horizontal variation 5^, 

5i/(O=n(0,(50,40), (3.5) 

where 

B is the 3-form satisfying 

5 [ ^B(0)= / e -0(0,(50) 

It should be noted that in Eqs.(3.5)-(3.7) 

5i = (3.8) 

is required [11]. In general, the vertical variations satisfy the condition (3.8), but the hori- 
zontal ones do not. 

In [8] the variation 5 in Eq.(3.5) is further restricted to the horizontal variation 5^^ = C^^ 
so that the Cartan formula C^ — doi^-\-i^odior any differential form can be used, and the 
identification of the flux of the presymplectic current and the Poisson bracket { , } is made. 
Then, Eq.(3.5) becomes 

%i/(6) = Q(0,%0,%0) = {H{i,),H{i2)}. (3.9) 

However, there are two difficulties in Eq.(3.9). First, in accordance with the requirement 
(3.8) for the first equality, we should have (J^jCi = 0, which is obvious in contradiction with 
the basic formula C^2^\ — [^2,^1]- Second, it is the non-trivial flux of symplectic current 
that can be used to define the Poisson bracket. Unfortunately, the property (3.4) says that 
the flux of presymplectic current ^2(0, 5^10) vanishes, so that the second equality is not 
valid. In order to reconcile the flrst contradiction, we have two choices: 

A. The two vector flelds are not arbitrary but fall into special classes. For example, the 
vector flelds coincide up to a multiplication constant at the boundaries of Cauchy surfaces 
if 5(^H is the algebraic summation of boundary terms. 

B. Since the flrst variations of flelds are linear and homogeneous functions of ^, we may 
deflne a new quantity by 

4F(6) := 4^(6) - i^(4ei) = 4^(6) - F{[i2,i,\). (3.10) 
By use of Eqs.(3.10), (2.1), (2.4), one gets 
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(3.6) 



(3.7) 



%*j(6) = %0te)-6-%L 

= 40(6)-6-[e4^? + ^0(4^?)] 

= 40(6) - C^Mhg) + d[^i ■ 0(45)]- (3.11) 
where on-shell condition has been used. Therefore, if the variation equation 

5 j e-B(0)= / i-@{<t^M), (3.12) 

then the first equahty of Eq.(3.9) should be modified as 

4//(ei) = Jl'(0,4</',40), (3.13) 

where 

^^'(0,%0,40) = / t^'(0,%0,420) 

= |^%0(0,40) -40(0,40). (3.14) 

In Eq.(3.14), £^^0(4*7) has been written as 4®(0)40) account that the appearance 
of imphes that [6, 6] is discarded in the calculation. 

Even when the triviality problem of the flux of the presymplectic current is put by, there 
is ambiguity in the identification of the Poisson bracket with the flux of the presymplectic 
currents, taking the form of Eq.(3.9) or the form like 

Q'(0, 40, 40) = {//(Ci), i/(6)}. (3.15) 

According to the Brown-Henneaux analysis in the canonical approach [1], the diffeomor- 
phism algebra in terms of the Dirac bracket for the boundary terms of the Hamiltonian 
functionals in the covariant phase space formalism is, in Ref. [8], represented in the form 

{J{ii).J{i2)Y = J([ei,6]) + i^''(6,6), (3.16) 

where K^{^i, 6) is the possible central extension in the Hamiltonian realization of dijf{Ai). 
The upper index H stands for this realization. 



B. The Noether-charge realization 

In gauge theories the (pre)symplectic current (3.2) and the antisymmetric combination 
of the vertical variations of the Noether current 

Si * j(0,520) - S2 * j(0,5l0) =: U>(0,5i0,520). (3.17) 

coincide. In general, however, they are different from each other in diffeomorphism invariant 
theories. With the help of the flux of the current (3.17), it is possible to realize the diff 
algebra by use of Noether charges [30] . 
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In order to set up the Noether-charge realization, let us consider the two successive 
horizontal variations of the Lagrangian 4-form induced by two vector fields and ^2 denoted 
by and 5^^, respectively, 

%4l = %[e4^ + d&{g, 4^)] = • L). (3.18) 

Exchanging the order of the variation, one obtains 

44l = 4[e4^ + d&{g, = kAii ■ L). (3.19) 
Subtraction of the two equations gives rise to 

= 4d(6-L)-4(i(6-L). (3.20) 

Since the Lie bracket of two vector fields gives a new vector field, Eqs.(2.1) and (2.2) can 
also apply to the Lie bracket of the two vector fields, namely, 

%,^,]L = E%,^,,^ + d&{g, %,e,,^) = d([6, 6] • L). (3.21) 

Subtracting Eq.(3.21) from Eq.(3.20) and using the identity 

[^i'^] = (3-22) 

one has 

= 4d(6 • L) - 4(i(ei • L) - d([ei, 6] • L). (3.23) 
It follows that 

d{hA*m] - 4W(6)] - *j([6,6])} = 4(E%^7) - %(E%^) + E%,^,]^. (3.24) 
Namely, the combination of the current 1-forms as a Noether-like current 1-form 

k(6,6) = *%[*j(6)] - *%W(6)] -miM) (3.25) 

is conserved as long as 

4(e4^) - 4(e4^) + ^ku.\9 = 0. (3.26) 

Obviously, Eq.(3.26) is vahd on shell. It should be noted that the condition Eq.(3.26) is 
weaker than the on-shell condition. If the charge of k(^i, ^2) is denoted by —K^{^i, ^2) with 
the upper index Q for the Noether-charge realization, then ^'^(^1,^2) satisfies^ 



§In the present paper, we consider the case that the Cauchy surface keeps unchanged under the 
horizontal variation. 
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- 4[Q(6)] = - ^^^^(^1,6)- (3.27) 

The left hand side of Eq.(3.27) is nothing but the flux of the current (3.17) over a Cauchy 
surface with the substitution of the vertical variation by the horizontal one 

^20) = (^{(P, ^20) 

= 5ig((/),52(/>)-52Q(0,^l(/>). (3.28) 

Again, the requirement Eq.(3.8) should be satisfied in the second variation in Eq.(3.28) in 
accordance with Eq.(3.17), which results in either the vector fields falling into specific classes 
or S being replaced by S in the second variation. For the second choice, by use of Eq. 
(3.10) the left-hand side of Eq.(3.27) becomes 

(4Q)(6) + Q(46) - (4Q)(6) - Q(46) 
= (4Q)(6) + Q([ei,6]) - (%Q)(6) - Q([6,ei]) - Q([6,6]) 
= %Q(6) - %Q(6) + 2Q([6, 6])- (3.29) 

Therefore, the Noether charges and their variations on shell form the algebraic relation of 
dtffiM) 

kM^i) - %Q(6) = Q([ei,6]) + i^^(6,6), (3.30) 

where K^{^i,^2) is the possible central extension. 

It should be stressed again that in Eq.(3.30) the variation of Q is carried out under the 
condition that the first vector ^ keeps unchanged. In another word, the variation does not 
act on the vector field. The left-hand side of Eq.(3.30) is the flux of the exterior variation of 
the dual of Noether current Eq.(3.28) after the replacement of 6 by 6. It is remarkable that 
the ambiguity in the definition of the Poisson bracket in the Hamiltonian realization does 
not appear in the Noether-charge realization because the Poisson bracket does not come in 
the Noether-charge reahzation at all. 

C. The 2-cocycle condition for the central extension in Noether-charge realization 

If an algebra realization satisfies the Jacobi identity, its central extension always obeys 
2-cocycle condition from the Jacobi identity and vice versa. Now, let us consider 

C{l,2,3}4{4[Q(6)]-4[Q(6)]}=C{i,2,3}4[Q([6,e3])]-C{i,2,3}4[^^(6,e3)], (3.31) 

where C{i^2,3} denotes the circular summation. By use of identity (3.22), the left-hand side 
of (3.31) can be written as 

C{i,2,3}{kkAQm - kAAQim = C{i,2,3}kiM^^)] = C{i,2,3}k.,UQi^^)]- (3-32) 

It follows from (3.31) that 

qi,2,3}4[^^(6,e3)] = qi,2,3}{4[Q([6,e3])] - %,^3][Q(ei)]}. (3.33) 
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On the other hand, from (3.27) one has 

- = ^([[6,6],^!]) -i^^([6,e3],6). (3.34) 

Eqs. (3.33) and (3.34) and the Jacobi identity 

C{i,2,3}[%J4>4]] = (3.35) 

give rise to 

C{i,2,3}%[i^^(6,6)] = qi,2,3}i^^([6,6],e3)- (3.36) 

On account of identity (3.22), the Jacobi identity becomes 

C{i,2,3}[4i'%2,^3]] = 0- (3.37) 

Applying it on L, one has 

C{i,2,3}{%[g([6,e3])] - = 0' (3-38) 

which leads to 

qi,2,3}4[^'^(6,e3)] = qi,2,3}i^^([ei, 61,^3) = 0. (3.39) 

This is the 2-cocycle condition for the central extension. 

IV. DIFFEOMORPHISM ALGEBRA FOR A PORTION OF A MANIFOLD 

In this section, we focus on the case of stationary, asymptotically fiat, axisymmetric 
spacetimes in vacuum GR. The Carter-Penrose diagram for the asymptotically flat region of 
a stationary axisymmetric spacctimc is shown in the figure 1. 

Now, we consider the Cauchy surface which is combined by two pieces Ei and S2 as 
shown in the figure 1. Namely, 

E = EiUE2. (4.1) 

El emanates from the bifurcation surface Sh, extends almost along the generator of the event 
horizon and ends at the certain place of the stretched Killing horizon [8] denoted by B^. At 
the end of calculation, Ei tends to the event horizon by taking e — ^ 0. E2 is a spacelike 
hypcrsurface matching Ei at and extending to the spatial infinity. The boundaries of 
El and E2 are c?Ei = Sjj ^ U and (9E2 = B^^^ U ^oo, respectively. Such a choice of the 
Cauchy surface, may be called a combined Cauchy surface, will not affect the fact that the 
Noether charge corresponding to the Killing vector field (2.14) for the whole asymptotically 
fiat region leads to the black hole mass formula [25]. In the following, we will discuss the 
problem in the Noether-charge realization and the Hamiltonian realization separately. 
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FIG. 1. The Carter- Penrose diagram of an asymptotically- flat region for stationary axisym- 
metric spacetimes. X+, X^, and z° are the future and past null infinity, and the spatial infinity, 
respectively. H'^ , 'H~, and Sh are the future and past event horizon, and the bifurcation surface, 
respectively. S = Si U S2 is the Cauchy surface for the whole of the asymptotically flat region. Si 
and S2 match at B^. e tends to so that Si tends to the event horizon. 
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A. Noether-charge realization 

The Noether charge defined on the combined Cauchy surface (4.1) is combined in the 
following way: 

gE(0 = Qi:i(0 + fe(0, (4-2) 

where (5si(0 Qs2(0 ^^e the Noether charges on Ei and E2, respectively. On shell, Qsi 
and Qy,2 may always be expressed, as mentioned before, in terms of the algebraic summation 
of the boundary terms 

QuAO-QeXO-QhH), (4.3) 

Qe.(0 = Qoo(0-Qb.(0, (4.4) 

where QbXC)i Qh{C)^ ^"^^ 2oo(0 ^^'c evaluated at 5^, the bifurcation surface Sh and the 
spatial infinity 5*00, respectively. It is easy to show that for the Killing vector field (2.14), 

lim QbXXk) = Qh{Xk) = ^A. (4.5) 

That is, lirnQs for the Killing vector (2.14) is proportional to the area A of the 2-dimensional 
horizon. 

According to Sec. III.B, the Noether charges (5si(0 and Qy,2{0 ^^^^ ^1 ^2 and 
their (horizontal) variation form the algebraic relations for diff{R x Ei) and diff{R x E2), 
respectively. For example, the algebraic relation for Qs^iO takes the form 

kM^l) - klQ^.i^2) = ^^,([^1,6]) + Kl{^2:^2). (4.6) 

By use of Eq.(4.4), Eq.(4.6) reduces to 

42b.(6) - %Qb.(6) - QbMu^2]) - i^i(6,6) 
= %Qoo(ei) - %Qoo(6) - Qoo([6,6]) - Kg{^i,^2). (4.7) 

The two sides of Eq.(4.7) are evaluated at two different places. Therefore, each of them 
should form an algebra independently. At most, they are equal to the same constant on E2. 
(The value of the constant may be the vector-field dependent.) Absorbing the constant into 
the central extension K^{^i,^2), one has 

%QBe(6) - %Qb.(6) = Qb.([6,6]) + i^g(6,6), (4.8) 

and 

%Qoo(ei) - %Qoo(6) = Qoo([6,6]) + i^S(ei,6). (4.9) 

Eqs.(4.8) and (4.9) are the algebraic relation for the partial Noether charges. 
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B. Hamiltonian realization 



Since the Hamiltonian functional is also an additive quantity, it may be written as 

H^iO-H^AO + H^M- (4-10) 
On Ej (i — 1, 2), the Hamiltonian realization is 

{i/s,(ei),^^E,(6)} = H^Mi,C2]) + Kg{Ci,C2). (4.11) 

If the field B exists on the intersection of Ei and E2, the Hamiltonian functionals, like the 
Noether charges, may be expressed in terms of their boundary terms 

Hj:AO = JbAO-MO, (4.12) 

Hj^AO = MO - JbAO- (4-13) 

Similar to the Noether-charge realization, 

{M^i),M^2)r = ^//([6,6]) + ^#(6,6), (4.14) 

{Jb.(6),^b.(6)}* = JbMu^2]) + KI{^i,^2), (4.15) 

{Joo(6),^oo(6)}* = ^oo([6,6]) + ^-^(6,6)- (4.16) 

Eq.(4.15) is used to calculate the central term in [8]. 



V. ASYMPTOTIC BEHAVIORS 



A. Near the spatial infinity 



In the present paper, we are only interested in the diffeomorphism of a manifold into 
itself. The horizontal variations induced by such kinds of diffeomorphism do not change the 
characters of a manifold. In particular, a Cauchy surface is mapped into another Cauchy 
surface under a horizontal variation in active point of view. For stationary asymptotically 
flat spacetimes, it requires that the infinite boundaries of Cauchy surfaces coincide at the 
same point i° on the Carter- Penrose diagram. If the discussion is confined in the deformation 
of — r' plane, it requires that the vector fields generating diffeomorphisms must satisfy 

where C is a constant, {-§^)"' is the timelike Killing vector. The Lie bracket of two vector 
fields of such a kind obviously vanishes at the spatial infinity. 
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B. Near the bifurcation surface Sh 



For the stationary asymptotically flat spacetimes with a black hole, the inner boundary 
of the Cauchy surfaces coincide at the bifurcation surface Sh- Limited in the deformation 
of 't — r' plane, it requires that the vector fields generating diffeomorphisms must satisfy 

r ~ CYk, (5.2) 

where C ~ 0(1) is another constant, Xk the Killing vector Eq.(2.14). Since Xk = on 
the bifurcation surface, the Lie bracket of two vector fields of such a kind is also zero at the 
bifurcation. 



C. Near the stretched horizon B, 



Let S = limine be on the Killing horizon. If S is fixed on the Killing horizon, Si and S2 

are the Cauchy surfaces for the spacetime regions Ei x and E2 x R, respectively. In that 
case, if the discussion is again limited in 't — plane, 

^" ^ 0, as e ^ 0. (5.3) 

Thus, the Lie bracket of the two vector fields is still zero on S. 

If S is not fixed on the Killing horizon under the diffeomorphism. Si and S2 are not the 
Cauchy surfaces of the spacetime regions Si x i? and S2 x R, respectively, but Si IJ S2 is 
still the Cauchy surface of the asymptotically flat region. In order S to be mapped from a 
sphere to another sphere on the KiUing horizon, the vector field should has the form 

= Txk, on the KiUing horizon. (5.4) 

where T is, at most, the function of v, 9, and 4>, where v is the parameter of the generator 
of the Killing horizon and 9 and (j) are coordinates on the cross section of the horizon. The 
Lie bracket of two vector fields of type (5.4) gives a new vector field of the same type. It 
should be noted that the vector field (5.4) does not satisfy the boundary condition (4.3) in 
[8] generally, which reads 

^^hdab - 0, x'k^ 0. (5.5) 
Xk 

The boundary condition (4.3) in [8] is discussed in detail in Appendix A. 



VI. THE NULL TETRAD AND CENTRAL EXTENSION 

Now we arc ready to calculate the central extension. It is obvious that both the Hamil- 
tonian and Noether-charge realizations are trivial at the spatial infinity and the bifurcation 
surface Sh- Even on S, both reahzations are also trivial when S is fixed. In these cases, the 
central extensions are all zero. 

In this section, we focus on the central extension on S in the case that S is unfixed 
under the diffeomorphism. As was emphasized in the introduction, in order to estimate the 
asymptotic behavior precisely we employ the N-P formalism. 
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A. Null tetrad 



The (timelike) Killing vector Xk defines the Killing horizon of a black hole via Xk — 0- 
Define a (spacehke) vector field orthogonal to the KiUing vector Xk by 

^aXK = -'^f^Pa, (6.1) 

where k is the surface gravity on the horizon. Let {i — 1,2) be the two independent 
tangent vector fields on the cross section of the horizon. 

It is easy to check that — > 0, ^ Xk ^'^d p'^/x'k ^ — 1 as the horizon is tended. 
These properties result in that the set of basis consisting of the four vector fields {xk, P"", f}} 
is ill-defined on the horizon. 

In order to set up the basis that are well-defined on the horizon, we can first choose two 
real null vector fields Z", as 



i^-M+^-^P' 

z p 

n^ = -^{XK-^-^Pn, (6.2) 
Xk P 



or 



= ^" - 

2 

= r^(r + ^n"). (6.3) 
\Xk\ 2 

It is easy to see that I'^Ua — —1, I'^la — n-'^n-a — holds on the whole spacetime. Com- 
bined with other two complex null vector fields m" and m", the set of the null vector fields 
{I, n, m, m} constitute the well-defined null tetrad fields on the whole spacetime. 
Now, consider the vector fields 

Obviously, 

\Xk\ 

2 

R^^(^-f+-P-R). (6.5) 
2 \Xk\ 

If we require both T and R to be regular functions on the whole spacetime as required in 
[8], we hme Rr^ 0{xk)- 

B. The vector-field realization of diff{M.) under Lie bracket 

Let us consider [/, n] first. By definition. 
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^ L Xk P Xk Xk P 

^^piI (6.6) 
P Xk P ) 

The first term in the brace bracket in Eq.(6.6) is 

[Xk: \xV\ = -^[Xh X\\ + {^\)X\ = 0, (6.7) 
Xk Xk Xk 

where D :— x'k'^a- The second term is 

P Xk P Xk Xk P P Xk 

where D :— p"'V a- The third term is 

[X^, V^P"] = (^^)^P'^ + \{d\^)p^ + ^^[x, p] = 0. (6.9) 
Xk P Xk P Xk P Xk P 

The last term is 

[Mpa^ J_Mpal^ ^ _A^D^)pa + -L[\Mpa^ Mpa^ ^ -2k\ p\ (6.10) 

P Xk P P^ Xk Xk P P Xk 

So, the Lie bracket of the null vector fields I and n is 

[r, n«] = -K-^n". (6.11) 

\Xk\ 

For the sake of the later convenience, denote n"Va as A and a as D. Then, the above 
result is equivalent to 

P, A] ^ -.^A (6.12) 

for any function /. In comparison with the commutator of the N-P formalism [31], the 
following relation among the N-P coefficients are obtained: 

r + 7f = 0, 
7 + 7 = 0, 

e + e=K-^. (6.13) 

\Xk\ 

For the vector fields of Eq.(6.4), 

= (TiDTs - T2DTi)r + (i?iAT2 - i^sATi)/" + (TiL>i?2 - T2L>i?i)n" 

+K-^(i?iT2 - Tii?2)n« + (i?iAi?2 - R2ARi)n\ (6.14) 
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Because 

^Xl = -\hCK - ^P")V„X^ = = 0(1), (6.15) 

Xk P \Xk\ 

it is easy to see that the Lie bracket of ^'s is closed as long as = 0{x'k)- 



C. On the central extension 

When S is mapped from one sphere to another on the Killing horizon under the diffeo- 
morphism, either Si or S2 cannot be regarded as the Cauchy surface of subsystems Si x i? 
and S2 X i? and the Cauchy surface of the whole asymptotically fiat region as well. The 
legitimacy of applying Eq.(3.5) to the subsystem becomes questionable because the integral 
over the (partial) Cauchy surface is taken in Eq.(3.5). In this subsection, we do not plan to 
discuss the problems in the formulation. Instead, we will just estimate the central extension 
in the null tetrad according to Rcf. [8]. 

It has been written in [8] that for vacuum GR 

UbMi), JBM2)r = ^ /^^ eaUe2^e{^'Ct - ^'Cl) " C^eiV^C^ - V^CI)]- (6.16) 



For a class of vector fields considered in [8] , 



The first term of the integrand in Eq.(6.20) is 



(6.17) 
(6.18) 

(6.19) 

(6.20) 
(6.21) 



[6,6] -3 = 

on the boundary. Thus, the boundary term of the Hamiltonian functional reads 

JbMi, 6]) = QbMu 6]) = -T^ / ea6cdV^(ei^Vee2' ' C2^e^t), 

Ibn J Be 

and then the possible central term is 

x^(6,6) = iim({JB,(6), JBM2)r - JbMi,C2])) 

= limi- J^^ ea,cd [Ve(e[iV'^e|) - 2e[^V'^lV|e|6i^ • 
For the vector field (6.4), the right-hand side of Eq.(6.16) becomes 

167r J Be 

-[1 ^ 2]} 
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eabcd{{T2l' + R2n'')VeV%Til'' + i^m'^) - [1 ^ 2]} 
= e„,ed{2T2r(VeTi) V^/'^ + 2R2n%VeRi)V'n'' + T^riy eV^R^)n'' 

+2T2r(Vei?i)VV + TaVeV'^n'^ + R2n\V eV^Ti)f 

+2i?2^'(VeTi)V"/'^ + i?2Tin"VeV"/'^ -[1^2]} 
= e„5c42T2r(VeTi) V'^/'^ + T2r(VeV'=i?i)n'^ + 2r2r(Vei?i) W 

_[1^2]} + 0(x^). (6.22) 

Similarly, the second term is 

eabcdHT^l" + R2n'')VeV\T,r + i^m^) -[1^2]} 

= ea6c4^2r(VeV''Ti)r + T2r(v^Ti)Ve/^ + T2r(VeTi)v'^/^ + r2r(Ve v'i^On^ 
+T2r(v'^i?i)Ven'^ + r2r(Vei?i) W - [i ^ 2]} + o(x^). (6.23) 

Now, Eq.(6.20) becomes 



Eq.(6.20) = / e„6c<i{[2T2r(VeTi)V^/'^ + T2r(VeV^i?i)n'^ + 2T2r(Vei?i) W 

-T2r{VeV'^Ti)r - T2r(v'^ri)Ver - T2r{VeTi)v'^r 

-T2l%VeV'^Ri)rf - T2Z"(V%)Ven" - r2r(Vei?i) W] 
_[1^2]} + 0(x^). (6.24) 

In the N-P formalism, we have Qab — —la'^h ~ ^ah + t^af^b + iT^a'mbi = —l°'nb — n°'lb + 
rrf'fhi) + m"'mb, and 

Va = -/"A - + + m"^, (6.25) 
where 5 — rrf-Va and 5 — m"Va. These lead to 

V„V" = -5A - /\D + 55 + 55 - [(e + e) - (^ + ^)] A 

+ [(7 + 7) - (/^ + l^)]D + {n -f-a + [5)5 + {Ti-T-a + (3)5 

= -DA - AD + M + 55 - k-^ - (^ + ^)] A - (/X + /i)D 

\Xk\ 

+(7r-f -q; + /3)5+ (7f-T-a + /3)5, (6.26) 

where Eq.(6.13) has been used in the second equality. In addition, eabcd = ^^la An^ AnicArfid. 

Now, we may much more precisely analyze Eq.(6.24) term by term under the assumptions 
that 

R, SR, SR ~ 0{xl) (6.27) 

and 

g+g^ -fffwI'Valb - nfwI'V ah ~ 0{x\). (6.28) 

Since the volume element on is = i^-a A m^, only those terms in the brace bracket in 
Eq.(6.24), which contains 1 A n, will contribute to the integral. So, we will only write out 
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those terms in following calculation and denote those equalities as '='. In the calculation, 
the relations for the null tetrad in Appendix B will be used. The first term is 

= -2T2l^nHf{VeTi)WHf 

= -ZVT2(VeTi)V^Z^ = 0. (6.29) 

The second term is 

T2Fn'^VeV^Ri = ZVTal-DA -AD- k-^A + (q + q)A}Ri. (6.30) 

\Xk\ 



The third term is 



2T2r{VeRi)V^n'^ - -2T2rn'^(Vei?i)//VV 



/V(2«;^T2Ai?i) + 0{xl)- (6.31) 



The forth term is 



-r2r(VeV'^ri)r = Ta/Vrz/VeV^Ti 

= /ViTsD^Ti + T2{l^nfVelf)DTi - T2{l^m^Velf)STi 
-T2{rmfVelj)m] 

= Fn'^[T2D^Ti - K-^T2DTi + tTa^Ti + iTa^Ti]. (6.32) 

\Xk\ 



The fifth term is 



-T2l''{V^Ti)Vel^ = l''n^T2{DTi)V el^ 



= rn\K^^T2DT{) + O(x^), (6.33) 



The sixth term is 



-T2r(VeTi)V'^/^ = / VT2(VeTi)//V^r 



= /VT2(/«-^T2DTi - i^Ti - t5Ti). (6.34) 



The seventh term is 



-T2r(VeV'^i?i)n" = /VT2n'^//VeV^i?i 

= iV(r2AL'i?i) + 0(x^). (6.35) 

The eighth term is 

-r2r(V'^i?i)Ven^ = Fn'^T2{DRi)Ven^ = C>(xx)- (6-36) 

The last term is 
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-r2i"(Vei?i) W = ZVr2(Vei?l)//W 

= -/^(/c^T^Ai?!) + 0(xl)- (6.37) 

Thus, 

Eq.(6.20) = / e„5cdiV{[r2(-5A - A5 - «:^A)i?i 

IbTT Jb, \Xk\ 

+K-^T2DTi + ti-^T2DTi + T2ADR1 - K-^T2ARi] 

\Xk\ \Xk\ \Xk\ 

+0(x^)-[l-2]} 

= / eabcdl'n''{[-T2DAR, + T2D^T, + k-^T2DT,] 
IGtt Jb, \xk\ 

+0{Xk) - [1 2]}. (6.38) 

On the other hand, the boundary term of the Hamiltonian functional is equal to the 
partial Noether charge for the given vector fields, which may be written on shell as 

= — [ *(dT Al + Tdl + dRAn + Rdn) 

Idtt Jb^ 

= — ^/ *{dT Al + Tdl + dR An) + 0{xk). (6.39) 
Idtt Jb^ 

Since 

dT Al^ {DT)l An (6.40) 
(dl)ab = -2niaDk] - 2l[aAh] 
= -{n'^DQl A n 

= Kj^jAn + 0{xl) (6.41) 
\Xk\ 

dR An ^ -{AR)l An, (6.42) 

the boundary term of the Hamiltonian functional with respect to the vector field takes the 
form of 

-JBA^;) = - J 

Thus, 

JbMi, 6]) = -T^ / eabcdl'n''[D{T,DT2 + R1AT2) + Kj^mDT2 + RiAT, 



JbM) = -T^ / eabcdl'Ti^iDT + Kj^T - AR) + 0{xl). (6.43) 



\Xk\ 

-A{TiDR2 + K-^RiT2 + R1AR2)] -(1^2) 
\Xk\ 



I ea,cdl''n\T,D^T2 + Kj^.- 
167rJs, \xk\ 

-(1 ^ 2). (6.44) 



/ ea,cdl''n\T^D-'T2 + Kj^T,DT2 - T^DAR2) + 0{xl) 
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Therefore, 



{M^i), M^2)r - JsiiCi, 6]) = 0. (6.45) 

This means that even when S is mapped from one point to another on the Kilhng horizon 
as considered in [8], the central extension is also zero as long as the conditions (6.27) and 
(6.28) are satisfied! 

It should be mentioned that in [8] the asymptotic conditions had been proposed to specify 
a subset of the class of vector fields for getting the non- vanishing center extension. However, 
those vector fields do satisfy conditions (6.27) and (6.28). This will be shown in details in 
Appendix A. 

Since the boundary terms of the Hamiltonian functionals coincide with the partial 
Noether charges, all the calculations in this subsection are available to the Noether-charge 
realization. Namely, the central extension in the Noether-charge realization also vanishes 
[30]. 



VII. COMMENT ON VIRASORO ALGEBRA 

Now, we turn to discuss the realization of the subalgebra of the diff{M^) algebra on the 
boundary S in the basis of {xk^ P", ^i, if}- 

A. The vector fields and the boundary condition 

Following Ref . [8] , consider the vector fields 

r = fx^ + V (7.1) 

with 

R = -^XK^af (7.2) 
K p 

and 

p"V„r|^ = 0. (7.3) 

Since the tangent vector fields on a spacetime manifold with either Lorentzian signature 
or Euclidean signature are all real vector fields, T must be a real function. In order to obtain 
the subalgebra on the boundary S, T may be further chosen as 

An — — cos\n{KV + {p)] (7.4) 

K 



and 



Bn ^ - sm.[n{KV -\- if)], (7.5) 
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where V is the parameters of the integral curves of x'k such that x'k^ a-V = 1, the integers 
n > 0, and Lp is the coordinate on with 27r period. Obviously, the complex combinations 
of An and 

7; = >l„±iS„ = ie^"('^''+<^), (7.6) 

K 

has the form of 

T; ^ ie^"«Vn, with n e (7.7) 

K 

where /„, & satisfy 

Eq.(7.7) with Eq.(7.8) has been used to obtain the Virasoro algebra in [8]. 



B. Realization of Virasoro algebra by vector fields 

In [8], the Lie bracket of two vector fields of type (7.1) was 

[6, 6]" = {fiDf^ - f2Df^)x''K + -^D{f^Df2 - f2Df^)p\ (7.9) 

K p 

When T = and B^, Eq.(7.9) is given by equivalent to 

[Am- An] = K{mB„, An - nA„,Bn), (7-10) 

[Bm, Bn] = -KimA,„Bn - nB„,An), (7.11) 

[Am, B„] = K{nAmA„ + mB^Bn), (7.12) 

which lead to 

[Am, An] - [Bm, Bn] = (m - n)Bm+n, (7.13) 

[Am, Bn] - [An, Bm] = (m - n)Am+n- (7.14) 

They are equivalent to 

i[fm, fn] = (m - n)fm+n- (7.15) 

Eq.(7.15) is nothing else but the complex expression of the classical Virasoro algebra [34], 
(more precisely, the Witt algebra diff{S^) [35],) while (7.13) and (7.14) arc the real expres- 
sions for the same algebra. Therefore, Tn (or equivalently, the set of An and Bn) chosen 
in such a way would form a representation of the classical Virasoro algebra if the condition 
(7.3) was reasonable and if Eq.(7.9) was vahd. 

It has been argued in [18] that the condition (7.3) implies DT = on the horizon which 
is conflict to the basic requirement DT ^ 0. According to the discussion in the Sec. VI and 
Appendix A, the Lie bracket of the two vector fields of type (7.1) should be 
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[e?, ^2] = iTiDT2 - T2DTi)t + {RiAT2 - R2AT^)r + 0{xl), 



(7.16) 



which leads to 

I XI P I X I 

+ ^X'[(-^1 + M,)\{-D + M^)(f, + ^R,)]r -(1^2) + O(x^) 
I X I X P I X I 

= ^(TiDTa - f2Dfi)x'' + ^-^^(TiDTs - T2DTi)p'^ 
z z K p 

- Ji^L>(f'iL>r2 - f2Df,)x'' + i^(fiDT'2 - TsDTOp" + O(x^) (7.17) 
2 K, p 2 p 

under the condition (7.3). It is obviously different from Eq.(7.9). Hence, even for the choice 
(7.7), Eq.(7.17) does not give the Virasoro algebra. 

C. The Hamiltonian realization of Virasoro algebra 

1. The non-zero Hamiltonian Junctionals 

By definition. 

Namely, the partial Noether charges and thus the boundary terms of the Hamiltonian func- 
tionals with respect to the vector fields chosen in the above way all vanish except Qs{Tq) 
and Js{Tq), which are equal to Ajj/Stt. 

In the Virasoro algebra, are the generators of the conformal symmetry, which should 
not be equal to zero. In the present case, the boundary terms of the Hamiltonian functionals 
act as the generators of the conformal symmetry. The vanishing boundary terms of the 
Hamiltonian functionals imply the Virasoro algebra is trivial. Namely, when n, m 7^ and 
n 7^ — m, 

{Js{T^). Js{Tn)Y = (m - n)Js{f^+n) (7.19) 

reads = actually. 

2. The surface densities the classical Virasoro algebra 

The problem may not be so serious because the integrands of the boundary terms of 
the Hamiltonian functionals may form the required algebraic relation. Unfortunately, the 
following calculation shows that the surface densities with respect to the vector fields chosen 
above do not agree with the classical Virasoro algebra. 

For the vector fields (7.1) with (7.2) and (7.3), Eq.(6.16) in the (ill-defined) basis {x^, p", 
t1, ^2} gives rise to [33] 



26 



lOTT Js K 

-2K{fnDfm - f^DTn)] 

= -%{m - n)Js{Tm+„) + I — / eabTm+n (7.20) 

iDTT Js 

It looks like the classical Virasoro algebra because Jg eabTm+n = 0. Unfortunately, 
Js{Tm+n) = (as well as Js{Tm) = 0,V m 7^ ) on the same footing as eabTm+n = 0. 
Thus, Eq.(7.20) cannot be regarded as the Virasoro algebra. It is obvious from Eq.(7.20) 
that the surface densities of the boundary terms of the Hamiltonian functionals do not fulfill 
the classical Virasoro algebra. Therefore, it is difficult to convince that Eq.(7.20) is the re- 
alization of a Virasoro algebra because all terms deviating from the Virasoro algebra as well 
as all boundary terms of Hamiltonian functionals except one vanish on the same footing. 

VIII. CONCLUSION AND DISCUSSION 

In a diffeomorphism invariant theory of gravity, the Noether charges themselves, as in 
other classical and quantum field theories, may be used to realize the symmetry (in the 
present case, the diffeomorphism invariance) of the theory. This is a complete covariant 
approach without using the Poisson bracket, which is well defined in the canonical formalism 
but still contains some ambiguities in the covariant formalism, at least, for the horizontal 
variations. It is emphasized that the Noether charge on shell are well defined for any given 
boundary condition and any given vector field and may always be expressed on shell in terms 
of the algebraic summation of the boundary terms on a Cauchy surface [12,25]. The latter 
property results in the Noether-charge realization being separated into the realization of the 
partial Noether charge of the two-dimensional closed surface that is the boundary of the 
Cauchy surface. 

For the Killing vectors, the Noether charge approach may give rise to certain relations 
among the Noether charges with respect to the symmetries generated by the Killing vectors. 
For the stationary axisymmetric spacetimes with a black hole, the vacuum black hole mass 
formula as a whole can be viewed as a (total) Noether charge for the combination of the 
Noether charges for the Killing vectors in GR. The first law of black hole mechanics can also 
be re-derived within the Noether charge formalism under certain conditions. In addition, 
only the horizontal variations are needed in the Noether charge approach. This is also in 
agreement with the spirit of Noether's theorem. 

In vacuum GR and when ^ • B = on the boundary, the Noether-charge realization 
should coincide with the Hamiltonian realization because in this case the boundary terms 
of the Hamiltonian functional are equal to the partial Noether charges of boundary surface. 
Unfortunately, Hamiltonian functionals do not always exist because they are related to 
Noether charges by Eq. (3.6) with the definition of B given in variational equation (3.7) 
and because the variational equation does not always have a solution for a given boundary 
condition and a vector field. This problem, in fact, has been pointed out by Ward and 
his collaborator [11,12]. Obviously, if the 3-form B does not exist, one cannot define the 
Hamiltonian functional and thus the Hamiltonian realization of diff{M.) algebra. 
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As mentioned before, the Hamiltonian realization has not well set up because the problem 
in the definition of the Poisson bracket in the covariant phase-space formalism has not yet 
been solved without debate. Discarding this problem, we may conclude from Eqs.(4.15), 
(6.16) and (6.44) that the central extension on the KiUing horizon for the large class of vector 
fields including those studied in [8] should vanish, even though in that case the boundary of 
Si or S2 is not fixed in the variation so that they cannot be treated as the Cauchy surfaces 
of portions of the manifold. The main reason that our conclusion is different from [8,9], [14]- 
[17] is that the null tetrad is used here, which is well-defined on the horizon, while in the 
previous works the vector fields {xk^ P°'-> ^i' ^2} treated as a set of basis, which are 
ill-defined on the horizon. The vanishing central term implies that the black hole entropy 
cannot be explained by such a kind of the classical symmetry analysis on the horizon. 

It should be mentioned, however, that in the abstract and the section I all the phrases 
"central term " are always with the quotation mark. This is due to the fact that it is 
not really the central term in usual sense. It is in fact the one proportional to the partial 
Noether-like charge of the Noether-like current in (3.25). In order to justify whether the 
one corresponding to the entire Norther-like charge is vanishing, it is needed to consider the 
whole Cauchy surface S from the bifurcation surface Su to the spacial infinity i° rather than 
the partial Cauchy surface. But, even for the null-frame has been used in this paper there 
are still some flaws to be solved. In addition, the event horizon is not a real boundary of 
the spacetime with a black hole. Therefore, it is also questionable to merely consider the 
Hamiltonian functionals with respect to the partial Cauchy surface E2. How to solve these 
problems are still under investigation. 

Although the algebra of the vector fields satisfying (7.1), (7.2) and (7.3) under the Lie 
bracket seems to be equivalent to the classical Virasoro algebra in the ill-defined basis 
{Xk> ^2}' analysis in the N-P formahsm shows that it does not give a Vira- 

soro algebra. Even in the sense of [8] that the Lie bracket algebra of the vector fields is 
equivalent to the Virasoro algebra on the horizon, the algebra of the corresponding bound- 
ary terms of Hamiltonian functionals is trivial because all the boundary terms except one 
vanish. The surface densities of the boundary terms do not form the algebraic relation of the 
Virasoro algebra. It again challenges the proposal that the origin of the black hole entropy 
can be explained by the classical symmetry analysis on the horizon. 

Finally, as was mentioned at beginning, though the present discussion is confined in 4 
dimension, it is easy to generalize the discussion to any dimension in principle. 
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APPENDIX A: ASYMPTOTIC CONDITIONS ON HORIZON 

In [8], two asymptotic conditions had been given 
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and 



as Xk ~^ 0. Because 

2 ^9ah — 2 '-iQab 

Xk Xk 

'^X'kX^K 



^^ho, - (Al) 
Xk 



XKt'Sgab ^ (A2) 



„ Va{Tk + Rrib) 
Xk 

= _ ^n")(/'' - ^n')[iVaT)k + TVak + (Vai?)nfe + RVaUh] 
Xk ^ ^ 

Xk ^ ^ 

2 2 4 4 

= \{-DR + /^p^i?) + Ai? + + /«p^T + O(x^), (A3) 
Xk \Xk\ \Xk\ 

the condition (Al) becomes 

[\{-DR^k-^R)^AR^DT+k-^T\h^Q. (A4) 

\Xk\ \Xk\ 

The condition (A2) is equivalent to 

XK^^hab ^0 as xlf ^ 0. (A5) 



Due to 



XK^'^^a6 = (r - ^n'^)m^£5^„b 



Eq.(A5) requires 



{la _ ^^a)^?'[(V„T)/6 + TV ah + (V^i?)^^ + i^V^Tlfe 

+(VfeT)/, + TVfo/a + (Vfei?)n, + RVbUa] 

Trm^Vah + Rl^'m^VaUb - rrfVaR + Rrm^V^^Ua + 0{xk) 

-LT-5R+{Tt + a + (3)R + 0{xl), (A6) 



tT~-5i?~0(x^). (A7) 



Namely, l ~ 0(x|^). Therefore, the asymptotic conditions on the horizon specify a special 
class of the vector fields which has the form of = T/" + Rn"" with R ~ 0{xk)- 
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APPENDIX B: SOME USEFUL RELATIONS 



In this appendix, some useful relations for the null tetrad are listed. In the proof of the 
relations, the identities in Appendix A of [8] are used. 
First, 
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= 0. 



Because of Eq.(6.11), 
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In addition. 
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